We apply the closed-time path integral formalism to pure gauge theory to study medium effects of non-equilibrium gluon matter. We derive the medium modified resummed gluon propagator to the one loop level in non-equilibrium in the covariant gauge. This gluon propagator can be be used to remove the infrared divergences in the secondary parton collisions to study thermalization of minijet parton plasma at RHIC and LHC.
I. INTRODUCTION
Recently, a lot of effort is given to detect a new form of matter known as quark-gluon plasma (QGP). Lattice QCD predicts the existence of this state of deconfined quark-gluon matter at high temperature (∼ 200 MeV) or high energy density (∼ 2 GeV/f m 3 ) [1] . It is widely believed that the quark-gluon plasma did exist in the early stage of the evolution of the universe ∼ 10 −4 seconds after the big bang. The relativistic heavy-ion collider experiments at RHIC (Au-Au collisions at √ s = 200 GeV) and LHC (Pb-Pb collisions at √ s = 5.5 TeV)
will provide the best opportunities to to observe the production and equilibration of such a state of matter in the laboratory. Perturbative QCD estimates provide the information that the energy density of produced jets and minijets might be larger than 50 and 1000 GeV/f m 3 at RHIC and LHC heavy-ion collisions [2] [3] [4] [5] which is much larger than the required energy density to produce quark-gluon plasma. Hence there is no doubt that a QCD plasma will be formed in RHIC and LHC heavy-ion collisions but it is not at all clear whether QGP there will reach equilibrium before hadronization occurs in these experiments.
The main purpose of RHIC and LHC experiments is of course the detection of the quarkgluon plasma. As this deconfined state lives for a very short time (several fermi) in a small volume (∼ 100 fm
3 ) a direct detection of this phase is impossible. Hence various indirect signatures are proposed for its detection. The prominent among them are: 1) J/Ψ suppression [6] , 2) strangeness enhancement [7] , dilepton and direct photon production [8, 9] . Although these signatures are proposed, it is not easy to make any concrete calculation of these signatures in these experiments. Many uncertainties, both theoretical and experimental, exist which make it difficult to claim the existence of the quark-gluon plasma. In the present experiments at SPS (Pb-Pb collisions as √ s = 17 GeV) most of the signatures can be explained by alternative mechanisms without assuming the existence of quark-gluon plasma. The main uncertainty is due to the lack of an accurate description of the spacetime evolution of the quarks and gluons produced just after the collision of two nuclei at RHIC and LHC. The production and evolution of quark-gluon plasma in ultra relativistic heavy-ion collisions proceeds via 1) Pre-equilibrium 2) Equilibrium and 3) Hadronization stages. While the space-time evolution of the quark-gluon plasma during the equilibrium stage is described by Bjorken's hydrodynamic evolution equations it is not easy to determine the space-time evolution of partons in the pre-equilibrium stage. A correct study of the pre-equilibrium stage will determine the equilibration time and initial conditions for hydrodynamic evolutions. This study is also quite important for accurate determination of various signatures of the quark-gluon plasma.
To describe the space-time evolution of quark-gluon plasma at RHIC and LHC one needs to know how the partons are formed in these high energy nuclear collisions. The hard parton (jets and minijets) production can be calculated by using pQCD. The pre-equilibrium evolution of these hard partons can be studied by solving relativistic transport equations with secondary collisions among these partons taken into account [2, [10] [11] [12] . However, soft parton production can not be computed by pQCD. There are coherent effects for the soft partons and they may be described by formation of a classical chromofield [13] [14] [15] [16] . For simplicity, we will consider the evolution of minijet plasma which can be studied by solving relativistic transport equation:
with secondary collision among the partons taken into account. In the above equation
is the collision term for a partonic scattering process pp 2 → p 3 p 4 . In the above expression p, p 2 , and p 3 , p 4 are the four momentum of the partons before and after the collision. f(x,p) is the single particle distribution function in the phase space of coordinate x and momentum p. Different partonic scattering processes which can be considered are like gg → gg,→ qq,→and gq → gq etc.. As mentioned earlier the collisions among the partons bring the system into equilibrium. So equilibration of quark-gluon plasma crucially depends on the nature of the collision term. For this reason it is essential to study in detail the behaviour of the collision term. As the gluons are the dominant parts of the minijet production we consider gg → gg process in the following. The squared matrix element for this process is given by:
are the Mandelstam variables in the partonic level. For massless gluon they are related bŷ
where θ is the center of mass scattering angle which goes from 0 → π 2 for identical partons in the final state. When one puts |M(ŝ,û,t)| 2 from Eq. (3) in Eq. (2) one encounters divergence in the collision term at small angle (θ → 0) or small momentum transfert → 0. Hence, to regulate this collision term one must put a momentum transfer cutoff in the scattering cross section. As the result of plasma equilibration is crucially dependent on this minimum cut-off [17] one needs to be more careful in predicting the global quantities and signatures of quark-gluon plasma.
In order to calculate plasma relaxation time and to study equilibration it is sometimes useful to solve the transport equation with a collision term in the relaxation time approximation [18, 19, 2, 11, 12] :
where τ c (τ ) is the time dependent relaxation time and
is the equilibrium distribution function for fermion/boson. Here u µ is the flow velocity of the expanding plasma and τ is the boost invariant parameter τ = √ t 2 − z 2 which is introduced according to Bjorken's boost invariant argument. The time dependent relaxation time τ c (τ ) can be determined from the transport cross section and the number density via [18, 19, 2] :
Here the number density is determined from the non-equilibrium distribution function via:
and the transport cross section for gg → gg collisions is obtained from the relation:
Hence whether one uses Eq. (2) or (5) as the collision term one always encounters the divergence whent → 0. This divergence in the cross section is inevitable as long as we use the free propagator in the vacuum to evaluate the Feynman diagrams. A Debye screening mass in non-equilibrium was used in [2] to improve the infrared divergence in the study of equilibration. An attempt was made in [12] to incorporate dynamical screening in the study of equilibration but they have not used non-equilibrium distribution function to obtain self energies. To improve dynamical screening in non-equilibrium one has to use the medium modified propagators in non-equilibrium to derive scattering cross sections. We mention that the medium modified propagators have been obtained in the thermal field theory for the case of an equilibrium plasma. However, the finite temperature calculations are valid only in equilibrium where there is a temperature such as in the case of a heat bath. For realistic situations in the high energy heavy-ion collisions at RHIC and LHC the partons are in non-equilibrium and one can not apply finite temperature QCD techniques here. One has to use real-time non-equilibrium formalism to compute various quantities. In this paper we study the medium effects of the non-equilibrium QCD matter by using closed-time path integral formalism. We derive the medium modified resummed gluon propagator to the one loop order in the covariant gauge which is necessary to obtain finite partonic scattering cross sections to study equilibration of minijet plasma at RHIC and LHC. The paper is organized as follows. In section II we describe the formulation of closedtime path integral formalism which is applicable in non-equilibrium. In section III we do the calculation for pure gauge theory and derive the resummed gluon propagator to one loop level. We summarize and conclude our main results in section IV.
II. CLOSED-TIME PATH INTEGRAL FORMALISM
In this section we briefly describe the closed-time path integral formalism which is suitable for studying non-equilibrium systems. We mention that the closed-time path integral formalism was originally developed by Schwinger [21] and then extended by Keldysh and many others [22] [23] [24] [25] . This formalism can also be applied to the system in equilibrium. For simplicity we consider a massless scalar field theory in this section. The more general gauge theory will be considered in the next section.
Unlike usual field theory where one considers in-out generating functional to describe scattering processes one considers the in-in generating functional in closed-time path integral formalism to describe average quantities. The in-in generating functional is given by [26] :
where Φ H (x) is the Heisenberg field, ρ is the Heisenberg density matrix and J + , J − are the external sources in the positive and negative time branch respectively. Here T (T ) means temporal (antitemporal) order. Explicitly, in a closed-time path from t = t 0 to t = ∞ and from t = ∞ to t = t 0 (see Fig.1 ), one finds:
In terms of path integral representation:
where |φ ± , t 0 > is the quantum state corresponding to the field φ ± (x, t 0 ). The above equation can be written as:
where r = +, − and
The functional derivatives with respect to the external sources J + and J − generate the expectation values of different type of products of the Heisenberg fields which corresponds to different Green's functions. The connected generating functional is obtained via:
The kernel < φ + , t 0 |ρ|φ − , t 0 > in Eq. (12) can be expressed as:
where K[φ r ] can be expanded as
being the infinite non-local sources which contains all the information as the original density matrix. In terms of these infinite non-local sources the generating functional becomes:
In the above equation K r (x) is absorbed into J r (x) and K is absorbed in the normalization.
For an initial density matrix of the form
it can be checked that all the higher order Kernels except K rs (x, x ′ ) vanish. When β k ( k) = | k|/T one recovers the usual finite temperature formulas.
Because there are two different external sources corresponding to two time branches one finds various propagators (the expectation value of the product of the Heisenberg fields). These propagators are (see Eq. (10) and (16))
the Feynman propagator,
the negative-frequency Wightman propagator,
the positive-frequency Wightman propagator and
the Dyson propagator. These four propagators are not complete independent of each other. The relation among them is found from the normalization of the θ function which comes into play in the time ordered product of the fields defined above. Hence from
one finds
One can construct various propagators which are related to measurable quantities. These propagators are called advanced, retarded and symmetric. They are defined by:
Assuming the translational invariance, and going to the momentum space via the Fourier transformation one finds:
The two point Green's functions of massless scalar field are given by:
where first part corresponds to the vacuum such as in the usual quantum field theory and second part is due to the presence of the medium. These propagators are given by:
and
Here f ( p) is the distribution function. Due to the normalization of the θ function the relation between four components (see Eq. (23)) is found to be:
Therefore, the matrix form of the Green's function can be replaced by three independent Green's functions: retarded, advanced and symmetric (see Eq. (24)):
On the other hand the definition can be inverted as
For the free massless scalar field at hand one finds:
Note that the retarded and advanced Green's functions are independent of the distribution function f ( p). One can construct the self energy from the dressed and bare propagators via:
Using these relations one get the constraint on four components of the self energy:
Similarly one can define retarded, advanced and symmetric self energies by:
III. CLOSED-TIME PATH INTEGRAL FORMALISM IN GAUGE THEORY
A. General Formalism
The formulations developed in the last section for the scalar field theory can be generalized to gauge theory. We consider SU(3) pure gauge theory which is QCD without quarks. In high energy heavy-ion collisions at RHIC and LHC most of the parton formed are gluons. Hence we concentrate on gluons only. However, extending close-time path integral formalism to quarks is straightforward. As the two nuclei travel almost at a speed of light at RHIC and LHC the system is dynamically evolving and many quantities have to be formulated in Lorentz invariant way. For this expanding system of partons we work in the covariant gauge in this paper. In SU(3) pure gauge theory the action is given by:
where the gauge field tensor is given by:
with the ghost lagrangian density
and the gauge fixing term given by
In Eq. (36) ξ is the gauge fixing parameter in the covariant gauge. In the closed-time path integral formalism the gauge field A, the ghost field C and the corresponding sources j, χ are defined in both the time branches. To make the formulas simpler we denote the fields and the corresponding sources by following common notations:
Denoting Q + , Q − and J + ,J − the fields and the sources on the upper and lower branch of the time path (see Fig.1 ) the in-in generating functional becomes:
where
with r = +, −. More explicitly, the above equation can be written as:
. For the gauge theory in covariant gauge the further complications arise because of the presence of the unphysical ghost fields. Due to this the Hilbert space which includes both physical and unphysical fields do not coincides with the physical state corresponding to real gluons. As a result the in-in generating functional can not be written as the trace over the whole Hilbert space of the density matrix. In the Landshoff and Rebhan scheme [27, 28] , the gauge theory in the covariant gauge is obtained by restricting the space of initial state |Q r , t 0 > to the physical one. At initial time t 0 the gluons are taken to be asymptotically free particles. This means gluons with spatially transverse polarization will contribute to the trace. Hence the non-local Kernel K will couple only to the transverse component of the gauge field A. In this situation the initial density matrix takes the form:
Now we consider an expanding system of partons in 1⊕1 dimension. For this purpose we introduce the flow velocity of the medium
is the space-time rapidity and u µ u µ = 1. Now we define the projector orthogonal to u µ as P µν = g µν − u µ u ν . In this moving frame the energy p 0 → (p · u) and the spatial momentum
In this situation we define the four symmetric tensors [29, 27] :
Here T µν is transverse with respect to the flow-velocity but L µν and D µν are mixtures of space-like and time-like components. These tensors satisfy the following transversality properties with respect to p µ :
In addition to this, the above tensors satishfy the following properties:
Any symmetric tensor S µν can be written in terms of the above four tensors:
In terms of this tensor basis the gluon propagator in the covariant gauge is given by [27, 28] :
where i, j = +, −. Note that in this Landshoff-Rebhan scheme the transverse component of the gauge propagator proportional to T µν contains the medium effect which is gaugeparameter independent. As the initial density matrix contains only sum over transverse polarizations of gluons the ghost propagator is simply given by:
because ghost fields do not couple to the kernel K in the generating functional.
To get a feeling what these above tensor basis represent we evaluate them for a static thermal bath where u µ = (1, 0, 0, 0). One can check that
, for a system in global equilibrium. However, we will consider a dynamical evolving system in the following which is suitable at RHIC and LHC.
B. Resummed Gluon Propagator at One Loop Level in Non-Equilibrium
In the last sub-section we derived the gauge field propagator in the medium for the free part of the action S 0 . In this sub-section we will consider the interaction term of the action S int . For such a situation one will have to consider the full propagator instead of the free propagator in the medium. This implies one has to solve the full Schwinger-Dyson equation which is practically impossible. Usually one has to truncate the series at one or two loop level of the self-energy. Such a truncation demands that the QCD coupling constant should not be too large. We consider here the evolution of the gluon-minijet plasma at RHIC and LHC where the average transverse momentum of the partons are found to be large [2] . The coupling constant determined in the early stage of the heavy-ion collisions is therefore found to be small α s < 1 [2] . In this situation we truncate the Schwinger-Dyson equation at one loop level of the self energy and consider the corresponding resummed two-point Green's function.
The resummed two-point Green's functionG of gluon can be decomposed as: Dyson-Schwinger equations for different components can be written as
Please remember that i, j, k, l = +, − and suppression of Lorentz and color indices in the above equation is understood. Instead of using the matrix form of this equation, we prefer to use the retarded, advanced and symmetric Green's functions. The retarded and advanced resummed Green's function are found to be:
The straightforward solution of the above equation is given by:
where the self-energy Π contains the medium effects. Note that ± sign in the last term correspond to retarded and advanced resummed propagator respectively. Unlike bare retarded and advanced Green's function the resummed ones contain medium effects through the selfenergy. Similar but more complicated equation is obtained for the resummed symmetric Green's function:G
(59)
After some algebra it can be shown that
Let us discuss some of the major problems in the the above equation. In case of a bare propagator the last term (the term containingG
which produces a pinch singularity. In the case of equilibrium one can check that
as a consequence of detailed balance [31] . Here f eq ( p) is the Bose-Einstein distribution function. This suggests that there is no pinch singularity in equilibrium. In case of a nonequilibrium system one has to carefully analyze the troublesome pinch singularity associated in the symmetric resummed propagator. We will discuss this in detail later on in this subsection.
Let us evaluate the various components of the self energy. For short hand notation we denote Gl for gluon loop, Ta for tadpole diagram and FP represents ghost loop diagram. Explicitly the expressions for various self energies are given by:
It has to be remembered that k, l(= (+, −)) are not contracted in the right hand side of the above equations. So it is obvious that Π ab T a;µν (p) kl = 0, when k = l.
The total self energy is given by:
To make things more convenient we separate the self energy into two pieces: 1) the self energy of the vacuum Π vac µν (p) and 2) the self energy of the medium Π med µν (p):
Note that the distribution function is contained only in the medium part of the self energy.
In the following calculation we neglect the vacuum part and concentrate on the medium part. The divergence of the vacuum part of the self energy is absorbed in the redefinition of the bare quantities which is well known. Like the Green's function the the self energy can be written as:
Using Eqs. (48) Π's are decomposed as:
Explicit calculations for advanced and retarded self energy yields:
Where
It can be checked that:
Total self energy of the medium part is the sum of gluon loop and tadpole contributions:
because the ghost part does not contribute in the Landshoff-Rebhan scheme. Our main purpose is to remove infrared divergences appearing in the small angle partonic scatterings which plays an important role in the production and equilibration of minijet plasma at RHIC and LHC. This divergence is inevitable as long as we are using gluon propagator in the vacuum to evaluate these scattering diagrams. However, these divergence can be removed when one uses the medium modified gluon propagator instead of the gluon propagator in the vacuum. One should not use vacuum propagator in the medium. These medium modified propagators have been studied in more detail in finite temperature QCD formulations. However, at RHIC and LHC the parton momentum distributions are anisotropic and finite temperature QCD formulations can not be applied to these non-equilibrium situations. We will use our medium modified gluon propagator which is derived in this paper for the non-equilibrium system to study production and equilibration of minijet plasma at RHIC and LHC. To obtain the scattering cross section for the process gg → gg in the medium we have to use the resummed Feynman propagator [G(p)] ++ which can be obtained from the resummed advanced, retarded and symmetric propagators via the relation:
andG
with the self energies derived above. Unlike equilibrium the propagatorG S contains the termG R ×G A (p) which may cause pinch singularity. However, from (78) and (79) it can be check that
From (83) and (81) it is obtained that
It is obvious that once ImΠ R (p) = 0 then there is no pinch singularity. The physical interpretation is the particle has finite life time and therefore the pinch singularity is smeared [33] . We will incorporate these non-equilibrium features into the study of minijet plasma at RHIC and LHC in future. These resummed Feynman gluon propagator (84) is expected to improve the infrared behaviour of the partonic scattering cross sections which are otherwise divergent. This plays a crucial role for a correct study of space-time evolution of minijet plasma and for a correct determination of all the signatures at RHIC and LHC. As the study of equilibration of minijet plasma involves extensive numerical work (see [2] ) it will be reported elsewhere [34] .
IV. CONCLUSIONS
At RHIC and LHC the momentum distribution of the partons produced in the very early stage of the heavy-ion collisions are highly anisotropic. This is because a parton inside the nucleus (which travels almost at the speed of light at RHIC and LHC) carries mostly longitudinal momentum before an ultra relativistic nuclear collisions. After jets and minijets are formed and suffer many secondary collisions the isotropy between longitudinal and transverse momentum may be reached. Hence it is necessary to study in detail the space-time evolution of the partons in the pre-equilibrium stage of the quark-gluon plasma. The non-equilibrium formulations in gauge theories are required to study equilibration of parton plasma at RHIC and LHC. In this paper we have applied the closed-time path integral formalism to study medium effects of the minijet plasma in non-equilibrium. In particular we have derived the medium modified resummed gluon propagator which is necessary to evaluate the Feynman diagrams for the secondary partonic collisions to study equilibration of parton plasma at RHIC and LHC. According to Bjorken's proposal [20] many quantities are expected to be expressed in terms of boost invariant parameters. For this reason and to have a covariant formulation we have worked in the covariant gauge which is a suitable gauge for expanding plasmas. We give the result of the resummed gluon propagator upto one loop level of self energy in non-equilibrium. This medium modified resummed gluon propagator will be used to obtain scattering cross section for the gg → gg process in the medium which will then be used in Eq. (2) and (5) to solve the transport equation to study equilibration. These medium effects are expected to improve the infrared behaviour of the cross section which is otherwise divergent. These divergences are expected to be removed automatically and uniquely when the medium modified gluon propagator is used to evaluate the partonic scattering processes. In this way one does not have to put ad-hoc values for the momentum transfer cut-off which crucially changes all the properties of the quark-gluon plasma and hence determination of all the signatures of the quark-gluon plasma.
In the future we will use the resummed gluon propagators to evaluate the partonic scattering cross sections and then these cross sections will be used to study production and equilibration of minijet plasma at RHIC and LHC by solving relativistic transport equations. As the solution of the relativistic transport equation involves extensive numerical work (see [2] ) we will report it elsewhere [34] .
